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MOTIVATION 
MINERAL PROCESSING

grainsize probability density function (PDD): ϕ ≡ ϕ(x, t, s)
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CLOSED-SYSTEM MECHANISMS
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crushing

OPEN-SYSTEM MECHANISMS
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PROCESSES 



HETERARCHY 
IN ENTOMOLOGY AND BUSINESS 

A HETERARCHY IS AN ORGANISATIONAL SYSTEM  
WITH UNRANKED ELEMENTS 

HIERARCHY HETERARCHY



MULTISCALE MODELS
Hierarchical model Heterarchical model 
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simulation 

Continuum simulation 

RVE simulation 

Marks-Einav, GM, 2017

segregation & mixing 

crushing & 
agglomeration



segregation  

(from stochastic to continuum mechanics)



SEGREGATION 
PREVIOUS MODELS

OR ?

bi-mixed

only big grains

only small grains

G-T
S-L



STOCHASTIC SEGREGATION  
STOCHASTIC LATTICE MODEL

= z(s, t) + f(z, s, t)
Δt
Δz

z(s, t + Δt) = z(s, t) + ̂u(z, s, t)Δt

Marks-Einav, GM, 2011



SEGREGATION 
FROM STOCHASTIC TO CONTINUUM

∂tΦs = C∂s [Φs(1 − Φs)]
̂u = C for now taken constant

Marks-Einav, GM, 2011



mixing  

(from stochastic to continuum mechanics)



STOCHASTIC MIXING 
BROWNIAN MOTION (EINSTEIN, 1905)

Averaged position ⟨xp(t) − xp(0)⟩ ≈ 0

time

po
sit

io
n

Diffusion length

1D β=2

2D β=4

3D β=6

m2/sDiffusivity in

L(t) = ⟨(xp(t) − xp(0))
2
⟩ = Dtβ

Gaussian/Normal 
distribution

L(t)



STOCHASTIC MIXING 
STOCHASTIC LATTICE MODEL

Swap cells at a (stochastic) frequency determined by 1D diffusivity D

xp(t + Δt) = xp(t) ± 2DΔt

β = 2



∂tϕ(x, s, t) = D∇2ϕ

MIXING 
FROM STOCHASTIC TO CONTINUUM

Marks-Einav, GM, 2017



grain crushing  

(from stochastic to continuum mechanics)



critical crushing stresscritical crushing stress

STOCHASTIC COMMINUTION 
FACTOR #1 

σcr = ? σcr = ?

�pc / d�3/w
p

Mogi (1962); 
McDowell-Bolton (1996)



STOCHASTIC COMMINUTION 
FACTOR #2

ζ = e− log(s/s̄)2

2n2

(s, s̄) = ζ

Z
Z0

= ( s
s̄ )

2

crushing str
ess bulk stress

Marks & Einav, GRL, 2017

σcr σ
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Crushing criterion

pull from fragment distribution

#1 Weibull 
size dependence

#2 cushioning

STOCHASTIC COMMINUTION 
CRUSHING LAW

Marks & Einav, GRL, 2017

NEIGHBOURING 
GRAINSIZE FABRIC



STOCHASTIC COMMINUTION 
FRAGMENTATION LAW

fragment size distribution
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Marks & Einav, GRL, 2017



CONTINUUM HOMOGENISATION 
TIME EVOLUTION
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Huang-Marks-Einav, JMPS, 2020



CONTINUUM HOMOGENISATION 
RESULTS (INITIALLY MONO-DISPERSED)
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Stochastic Lattice Model
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examples 

(full heterarchy)



Hierarchical model Heterarchical model 
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Continuum simulation 

RVE simulation 

segregation & mixing 

crushing

FULL HETERARCHY 
SIMPLEST STOCHASTIC LATTICE MODEL



model results

Marks-Einav, GRL, 2015

CATACLASTIC GRANULAR FLOWS 
STOCHASTIC HETERARCHY
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Comminution…

LONG-TERM PROJECT 
HETERARCHICAL CONTINUUM SOLVER

MPM with  
Benjy Marks

Segregation + 
Mixing          + 
Energetics   …



HETERARCHICAL CONCLUSIONS
• Alternative approach to multiscale hierarchal models; 
• Stochastic laws homoganisable into equivalent continua;

MINERAL PROCESSING
• Agglomeration, screening, crushers…  
• Grainshape dynamics… 

GENERAL SCOPE
• Other engineering problems with no scale separation 
• e.g., weather and environmental patterns 


